Abstract. Assuming that inflation is succeeded by a phase of matter domination, which corresponds to a low temperature of reheating T r < 10 9 GeV, we evaluate the spectra of gravitational waves induced in the post-inflationary universe. We work with models of hilltopinflation with an enhanced primordial scalar spectrum on small scales, which can potentially lead to the formation of primordial black holes. We find that a lower reheat temperature leads to the production of gravitational waves with energy densities within the ranges of both space and earth based gravitational wave detectors.
Introduction
Induced gravitational waves are produced as a result of the interaction between scalar perturbations at second order in the post-inflationary universe. The amplitude of their spectra is dependent on the square of the primordial scalar spectrum [1] [2] [3] [4] [5] , and a relatively large induced gravitational wave spectrum is expected from the generation of Primordial Black Holes (PBHs) [6] [7] [8] [9] . In a previous paper Ref. [10] we evaluated the spectra of induced gravitational waves generated during a radiation dominated era from the hilltop-type and running mass models, which have been shown to be the only models which can lead to Primordial Black Holes [11, 12] . We showed that these models lead to an induced gravitational wave signature within the sensitivity ranges of planned gravitational wave detectors DECIGO and BBO [13] [14] [15] . We also found that the running mass model predicted spectra within the sensitivity of eLISA [16, 17] under the proviso that inflation is terminated early, with the intriguing factor that if we could motivate N 40 we would get a detectable signature of PBHs with a mass compatible with Dark Matter.
In this paper, we assume that the universe undergoes a phase of early matter domination [18] [19] [20] [21] 1 , which lowers the reheat temperature as well as the number of allowed e−folds of inflation. The source term during the matter phase is constant, and as a result of the absence of pressure, the density contrast grows. This may result in perturbations entering the non-linear regime and decoupling from the Hubble flow. In our analysis we only assume a linear evolution of perturbations, and we account for the non-linear evolution by cutting off our analysis at some critical scale. To calculate this critical scale we begin by stating that perturbations in the early matter phase evolve as
where ρ m is the energy density of matter, H is the conformal Hubble parameter and Φ is the gravitational potential. The evolution of the perturbations is therefore linear until the density contrast becomes of order unity which occurs at the scale [24] :
where k r is the scale which re-enters the horizon at the time of reheating, P ζ is the primordial spectrum and k N L is the critical scale at which we terminate our calculation. This paper is organised as follows, in section 2 we review the parameters of inflation, in section 3 we present the thermal history of the universe, relating the temperature of reheating to the relevant scale of reheating, in section 4 we caclulate the bounds on the primordial spectrum from PBHs, in section 5 we review the spectrum of induced gravitational waves produced during the early matter phase, in section 6 we review the models of inflation that can lead to a detectable limit of induced gravitational waves and penultimately in section 7 we present the results with the final discussion presented in section 8.
The following conventions are utilised in this paper: τ refers to conformal time and is related to proper time t as dτ = dt/a, a is the scale factor, and the conformal Hubble parameter H is related to the Hubble parameter H ≡ȧ/a as H = aH. Scales are denoted by k, are given in units of inverse megaparsec Mpc −1 and are related to physical frequency f as f = ck/(2aπ) where c is the speed of light. We assume a radiation dominated universe at the time of the formation of the gravitational waves, in which case we have a = a 0 (τ /τ 0 ), H = τ −1 , and the scale at re-entry is k = τ −1 .
Inflationary Parameters
Models of inflation can be parametrised by the slow roll parameters [25] 
where V is the potential, and derivatives are with respect to the inflaton field ϕ. These are related to the observational parameters, the spectral index n s , the running of the spectral index n s and the scalar spectrum P ζ as:
We use a time re-parametrisation, N = ln ae a * , where the subscripts e and * denote the end of inflation and the time of horizon exit respectively. This is related to the potential in the slow roll limit as:
and to the scale at horizon exit as [25] :
where k 0 = 0.002Mpc −1 is the pivot scale, and in this paper we effectively take N (k 0 ) = 0. We use the latest data release from the WMAP mission [26, 27] , for the WMAP data combined with BAO and H0 data with a null tensor prior. Throughout this paper we take n s = 0.96 and n s ≤ 0.0062.
The temperature of reheating
The number of e−folds can be related to the temperature of reheating T r as [28, 29] 
where we have taken the energy scale of inflation to be the SUSY GUT scale ∼ 10 16 GeV. Assuming SUSY means that N max = 56, otherwise we can push this estimate up to N max ∼ 60. In this work we are only interested in reducing the number of e−folds via the inclusion of an early matter phase. The thermal history of the universe can support a reheat temperature down to 1MeV, as this is the temperature below which Neutrinos fail to thermalise and affect big-bang nucleosynthesis [30] [31] [32] [33] and hence N 37. To relate T r to the scale k r we assume the conservation of entropy which gives
where g * s is the number of degrees of freedom, M G is the gravitational scale (M G = M p / √ 8π 2.4 × 10 18 GeV ) and since k = aH/a 0 we get the scale which re-enters the horizon at the end of reheating k r :
T r 10 9 GeV g * s 106.75
If the primordial spectrum of perturbations towards the end of inflation is large enough, i.e if the density contrast exceeds δ ≈ 1/3, perturbations can collapse to form primordial black holes. Based on this, constraints can be placed on the spectrum based on astrophysical phenomena [34, 35] . In our previous paper, we numerically converted the mass fraction of the PBHs into a power spectrum. To perform this analysis we assumed a gaussian distributed energy perturbation 2 and a very large reheat temperature T r 10 10 GeV. In this paper, we update this calculation for lower reheat temperatures.
M BH (T ) and k(M BH )
The comoving wavenumber corresponding to the Hubble radius at temperature T is
On the other hand, the mass of PBHs produced at temperature T is
where γ is a numerical factor and M = 1.989 × 10 33 g . Eliminating T , we find
In our numerical calculation we adopt γ = 1 and g * s = 106.75 for whatever values of T , which implies
These are only precise for M BH 10 28 g but the error will not be very large even for larger PBHs.
T r sets a cut-off
Our setup is such that the universe after inflation is once dominated by an oscillating scalar field and then reheated to the temperature T r . We neglect any PBHs produced before reheating (i.e., during the early matter domination) and even those produced after reheating if it happens on sub-horizon scales. This gives us conservative PBH constraints. In Ref. [43] , the authors discussed PBH formation in matter-dominant universe. Assuming a spherical collapse of a dense region into a PBH, they obtain the result that more PBHs tend to be produced. This would be reasonable since the pressure P = 0. However, they did not consider any non spherical effects, which cause the non-spherical morphologies to evolve during the collapsing phase, which would have prevented a further collapse. To get a rigorous bound on the PBH spectrum for the early matter phase, we need numerical simulations to obtain the correct criterion for matter collapse in matter domination analogous to the radiation domination case that 1/3 < δ < 1 for matter to collapse into a PBH. In fact, in this treatment there arises a cut-off PBH mass determined by the reheat temperature:
which corresponds to a cut-off wavenumber
The scalar perturbations with k > k co (T r ) may not constrained by PBHs, see Fig. 1 .
The spectra of induced gravitational waves
We follow the analysis of Ref. [4] with much of the notation of Ref. [5] . The spectrum of induced gravitational waves generated during an early matter phase was first calculated in Ref. [24] and is given as
where x = kτ , k is the scale, τ is conformal time, v =k/k the ratio of the incoming to outgoing scales, y = 1 + v 2 − 2vµ, µ is the cosine of the angle between the incoming and outgoing scales, P ζ is the spectrum of primordial fluctuations, in this case generated during inflation, and I M DS is the time integral given as
We have taken the lower limit to be x = 0, and terminated the integration at x = kτ r , where τ r is the conformal time at the end of the reheating era. The spectrum for induced gravitational waves during radiation domination is given by [4, 5] 
where the time integrals,Ĩ 1 andĨ 2 , used in this paper are derived in [10] and given in appendix A.
Analytical Estimate for a Flat Spectrum
In this section we assume a flat spectrum and set P ζ (k) = ∆ R 10 −9 . Then the spectrum can be written as:
consider the term I M DS /x 3/2 :
and it is clear that for x 1 I M DS approaches a constant. Substituting this into our equation for the spectrum we have
recall that x = kτ , where τ is the limit of our time integral which we take to be the end of the reheating phase τ r = 2/k r . Therefore x r is much greater than 1 for most of the scales we consider. Hence we can pull I M DS out of the integral
and the integrals can be performed analytically. We find that the analytical equation is compatible with with numerical calculation for a flat spectrum. For scales k r < k < k max the spectrum is then
where we have taken the upper limit on v, v max = k max /k and the lower limit to be v min = k min /k, and we took k min = k r where k r is the scale that re-entered the horizon at the end of the matter era, we have also taken I M DS ≈ 1. By only considering scales which re-enter the horizon near k ∼ k r , those whose amplitudes have grown the most, Eq. (5.8) can be reduced to ∼ 356(16k max /(15k)) which for k max = k N L ∼ 141k r and k ∼ k r is 10 5 . Taking instead k max = 10 3 k r leads to a spectrum maximum of ≈ 10 6 as is confirmed in the full numerical calculation shown in Fig. 4 .
The evolution of the tensor mode
Defining v k = ah k , the equation of motion for the tensor modes is given as
and can be solved approximately for the full evolution of the universe. Using step and boxcar functions, the source term aS k can be written out as
where we have taken S ∝ τ −3 during radiation domination, θ is the heaviside step function and Π τrτeq = θ(τ − τ r ) − θ(τ − τ eq ) is the boxcar function. The scale factor can be written out in a similar fashion
For sub horizon modes, k 1/τ , we obtain the solution plotted black in Fig. 2 . In this scenario, inflation gives way to an early phase of matter domination which ends when τ = τ r and is followed by a phase of radiation domination that is overtaken by matter at τ = τ eq . The source term is at first constant, then when τ r < τ < τ eq it decays at a rate ∝ τ −3 and constant again for τ > τ eq . The amplitude of the sub-horizon tensor modes which re-enter the horizon during early matter domination is held at a constant until τ r , when begins to freely propagate and decay at a rate ∝ a −1 , until it becomes equal to the source term and held at a constant value. The superhorizon modes grow until τ = τ r , are held at a constant between τ r < τ < τ eq and grow again for τ > τ eq .
The accuracy of the sudden transition approximation
Throughout this paper we have utilised the sudden transition approximation between an early matter phase and radiation. In this section we investigate the effect a smoother turnover has on the tensor modes generated during the early matter phase. For this we make the following approximations for the scale factor and source term
where n is an integer. We plot the results for n = 1, n = 8 and the sudden transition approximation in Fig. 3 . As is clear from the figure, in all cases the tensor modes approach the freely oscillating stage during radiation domination, however, the smooth turnover results in a smaller amplitude of an order of magnitude. We also note that n = 8 is very close to the sudden transition approximation, and that n = 1 is less than an order of magnitude smaller that it. This phenomenon requires further investigation. Figure 2 . A schematic of the evolution of tensor modes on different scales with respect to the logarithm of the scale factor. The solid red line depicts the evolution of the source term between epochs. a r is the scale factor at reheating and a eq is the scale factor at radiation-matter equality. Grey lines represent super-horizon modes. The black dash-dot line represents the evolution of a mode which enters during EMD. The blue dash-dot line represents the amplitude of the mode which enters during RD and the green line, which is barely visible at the right hand side of the plot, represents the mode which enters during the current epoch (assuming no acceleration). Figure 3 . The solid lines represent the source term, the red is the sudden transition approximation Eq. (5.10), the green is the smooth turnover with n = 1, and the black is n = 4. The dashed lines represent the tensor modes. As we can see the tensor modes do approach the freely oscillating limit, but there is some loss of amplitude with respect to the sudden transition approximation
Transfer Function
Detectors of gravitational waves will place a bound on the energy density of gravitational waves, defined as [44] :
where f is the frequency, ρ c is the critical energy density defining the coasting solution of the Friedman equation and ρ GW is the energy density of gravitational waves. This is related to the primordial spectrum via a transfer function, Ω = t 2 (k, τ )P h (k). Scales that re-enter the horizon during a period of early matter domination experience a constant source term, and the amplitude of the tensor mode is kept at it's super horizon value. However once the universe enters the radiation epoch the source term decays as does the amplitude of the tensor modes, as is depicted in Fig. 2 . In Ref. [5] they show that for scales smaller than some critical scale, which our scales of interest are, the transfer function is
where a k is the scale factor when the scale k enters the horizon. To be precise, it is the scale factor at the time when the source term at that scale begins to decay. That is, for scales that enter the horizon during early matter domination, a k = a r . Our transfer function is then
where subscript eq is that of radiation-matter equality and the relative energy of scalarinduced gravitational waves is
where z is the redshift. For scales which re-enter the horizon during radiation domination, the relative energy of induced gravitational waves is
Full numeric results for a flat spectrum
To get the full spectrum of induced gravitational waves for an early matter phase followed by a radiation phase we evaluate
where F (v, y, τ ) is the integral over v, y in Eq. (5.3), and we drop the cross terms arising from < Φ matter Φ radiation > in the last line. This approximation is reasonable since the cross terms are only of significance at k ∼ k r . Figure 4 is a depiction of the spectrum of induced gravitational waves arising from a flat primordial spectrum of density perturbations; n s = 1. This figure was generated mainly for illustrative purposes, and as such we have chosen k N L to be 10 3 times as large as the value calculated using Eq. (1.2). We assume that modes with k > k N L do not experience the constant source term. Scales which are still super-horizon at the end of the early-matter phase have a spectrum P h ∝ k 3 and therefore become rapidly smaller than the spectrum generated by the pure radiation source term. That means that for modes which enter the horizon soon after τ r we need only consider the convolution of modes with those that enter during the radiation era.
We present the results for a flat spectrum at various reheat temperatures in Fig. 5 , where we have taken the limits on v to be v min = k r /k and v max = k N L /k with the latter upper bound accounting for the non-linear cutoff. We could have modified the calculation and checked for each v and y thatk < k N L and |k − k| < k N L , however simply modifying the limits of v has the same effect. Figure 4 . We plot the spectrum of induced gravitational waves for a flat primordial spectrum with T r = 10 9 GeV. The spectrum for scales that re-enter the horizon deep in the radiation era have a flat spectrum, due to the fact that the source term is a decaying function and thus the modes oscillate freely, and is represented by the solid blue line. The solid black line represents the modes that reenter the horizon during the early matter phase (k > k R ). The The red dashed line is the complete spectrum, assuming an early matter phase followed by a phase of radiation domination. The spectrum for k > k N L behaves as P h ∝ 1/k 4 , as P h ∝ 1/k for k r < k < k N L , as P h ∝ k 3 for k k r and as P h ∼ constant for k k r . One can think of this as follows: modes that re-enter the horizon during the radiation phase but with k ∼ k r , i.e. near the EMD phase, will interact with modes that re-entered during EMD and hence their behaviour/characteristics are modified from the instant reheating scenario. We have utilised a simplified analysis, in that P h (k) = P hmatter (k) + P h rad (k). Figure 5 . We plot the spectrum of induced gravitational waves for a flat primordial spectrum with various reheat temperatures and the cutoff scale k max = k N L . The black dashed lines correspond to the PBH bound assuming (from left pseudo-vertical line to right pseudo-vertical line) T r = 1GeV, 10GeV, 10 2 GeV, 10 3 GeV, 10 4 GeV, 10 5 GeV, 10 6 GeV, 10 7 GeV, 10 8 GeV and 10 9 GeV. The cluster of solid lines in the top right corner are the sensitivity ranges of ground based detectors, LIG0 S5 and S6 [45] , and KAGRA [46] , while the thick horizontal salmon pink line is the forecast sensitivity of Advanced LIGO [47, 48] . Also shown is the sensitivity limit of the Square Kilometre Array (SKA) [49] [50] [51] [52] . The green, red, blue and purple solid lines correspond to taking T r = 1MeV, 1GeV, 10 4 GeV, and 10 8 GeV. The blue dashed line is the spectrum for T r = 10 4 GeV without terminating at k N L . It is interesting to note that even a flat primordial spectrum can lead to a spectrum of induced gravitational waves detectable by cross-correlated DECIGO
The Models of Inflation
The spectrum of induced gravitational waves is directly proportional to the square of the primordial spectrum and is therefore clear that for an enhanced spectrum of induced gravitational waves one needs an enhanced primordial spectrum. Since at the pivot scale the spectrum is tightly constrained by CMB data we need to go beyond this and consider models which enhance the spectrum on small scales. Phenomenologically, the two models of inflation that exhibit this property [11, 12] are the running mass model and the hilltop model, depicted in Fig. 6 .
The Hilltop type model
Identified in Ref. [11] as the phenomenological form necessary for PBH formation this model has the potential [53, 54] :
where the coupling terms η p and η q are less than 1 and p < q to get the shape in Fig. 6 . Certain realisations in super gravity can be found; see for example Refs. [11, [55] [56] [57] [58] [59] [60] . This model is very compatible with WMAP data, and as such many of the model's terms are not ruled out, but in this analysis we add the extra requirement that the model is maximised at small scales and yet still remain within the PBH bound. We also take the basic number of e−folds to be N = 56. Parameter selection criteria is explained in more detail in Ref. [10] .
The Running Mass Model
This model is the basic φ 2 model with a varying mass term that arises in taking renormalised group equations, and is given as [8, [61] [62] [63] [64] [65] [66] [67] [68] ]
In this case we select parameters which satisfy n s = 0.96, n s = 0.0039 and n s = 0.0043, which for T r > 10 9 GeV are terminated at N = and N = respectively. 
Results
We plot results for the hilltop model for p = 2 and q = 2.3, 3, 4, and for the running mass models which satisfy n s = 0.96 and n s < 0.0062 with N ∼ 57. These are plotted in Figures . 7,8, 9, 10, 11 and 12 for a range of reheat temperatures 1GeV < T r < 10 9 GeV 3 . Each reheat temperature modifies the maximum allowed number of e−folds N max and therefore we have integrated only up to k max = k pivot e Nmax , except for in the case when k max > k N L where we only integrate up to k N L . In the final figure, Fig. 12 we have plotted the results of the hilltop and running mass models for a reheat temperature of T r = 10 6 GeV. In our previous paper Ref. [10] , we calculated the spectrum of Induced Gravitational Waves for the running mass models with large running 0.0067 < n s < 0.012 which is no longer supported by the latest WMAP release [26, 27] . On a related note, to motivate N < 37 by modifying the reheat temperature would require T r < 1MeV which is unsupported by theory.
We also find that for the running mass model satisfying N = 38 e−folds, the corresponding induced gravitational waves spectra were not within the sensitivity ranges of any of the experiments. However, if the k N L cutoff can be relaxed, the spectra may very well be within the ranges of SKA and PULSAR. 
Discussion
In this work we assumed a sudden transition between early matter domination and radiation domination. In the early universe however, the Hubble time can be of the order of the decay rate of matter to radiation. In this case modes re-entering the horizon towards the end of matter domination will also experience a decaying source term and the effect shown here may be reduced, depending on how long the transition phase lasts, as is shown in Fig. 3 . Therefore the results presented here are upper bounds on what the induced gravitational wave spectrum could be, with the actual spectrum possibly being only an order of magnitude or two smaller than what we calculated.
Therefore our conclusions depend on the condition that the tensor modes generated during an early matter phase survive the transition into radiation. Under this proviso, we have shown that assuming an early matter phase with T r = 10 5 GeV results in a spectrum of induced gravitational waves with energy densities within the range of BBO/DECIGO and cross-correlated DECIGO [69] . Since the assumption of an early matter phase truncates the PBH bound at a smaller value of k, we have shown that the running mass model generates induced gravitational waves detectable by ground based gravitational wave detectors such as LIGO, and KAGRA. This means that the RMM model with a running of n s = 0.0043 and a reheat temperature of 10 8 GeV as well as the model with n s = 0.0039 and T r = 10 9 GeV can be ruled out since LIGO has failed to detect a gravitational signature.
The Si and ci terms are the sine and cosine integrals respectively [70] , defined as:
Si(x) = 
